We calculate some irreducible representations over a subfamily of pointed Hopf algebras with group-likes the dihedral group.
Introduction
In [1] , was introduced the classification of finite dimensional pointed Hopf algebras with group-likes the dihedral group D m = g, h : g 2 = 1 = h m , gh = h −1 g of order 2m with m = 4t and t ≥ 3, if k is an algebraically closed field of characteristic zero. That classification includes four families: two are bosonizations and the others are liftings. We are interesting in find all irreducible representations of such algebras.
It is well know in the literature how to calculate representations over bosonizations. Basically, under specific conditions, we can extend by zero representations of a certain group, see Lemma 2.2. This is the central idea of this work. In [2] , [3] and [7] the authors find representations over pointed Hopf algebras over symmetric groups and cyclic groups.
One subfamily of [1, Thm B] are liftings. These algebras are parametrized by λ ∈ k and i = 1, · · · , n − 1 where n = m 2 = 2t or t = n 2 and defined in the following way: A i,n (λ) is the algebra generated by elements g, h, x, y with relations g 2 = 1 = h m , ghg = h m−1 , gx = yg, hx = −xh, hy = −yh,
In Section 4 we use three techniques to decide about irreducible A i,n (λ)representations: I: Given by Lemma 3.3, II: Given by direct calculation over matrices, III: Given by Lemma 3.4.
For techniques I and III we assume that there exists an irreducible representation and we will achieve a contradiction. In Table 1 , we give a resume of this work, which was divided into seven cases: given an A i,n (λ)representation, its restriction to kD m can be decomposed as a direct sum of irreducible ones, which are parametrized by S := {M χ c i ,d i , M ρ l : c i , d i ∈ {0, 1} and 1 ≤ l < n}.
The first four M χ 0,0 , M χ 0,1 , M χ 1,0 , M χ 1,1 are 1-dimensional and the others are 2-dimensional, see Section 3 for a complete description. For i, l fixed and ω a primitive m-root of the unity, when we have sums of just 2-dimensional representations, it is necessary subdivide according to whether l = n 2 or ω 2li = 1 or none, since each ρ depend on ω. ⊕ r j=1 M ρ l j r ≥ 5, ω 2lji = 1 and l j = n 2 4.3.5 II,III Notice that in cases 5 and 7 of Table 1 , there are open problems: in case 5, when r = 2, 3 and 4 and in case 7 when r = 4, since techniques I and III do not achieve a contradiction and technique II is not viable, since it leads to inconclusive results.
In all cases, we achieve that M is not irreducible, except when, in case 7, for r = 2 when l 1 + l 2 = n, we found two new non-equivalent irreducible representations, see Proposition 4.19 and Theorem 4.20, and for r = 2 when l 1 + l 2 = n and r = 3 there is no irreducible representation, see Theorems 4.17 and 4.21, respectively.
Grothendieck rings
Consider k a field of characteristic zero. All algebras and representations are consider over k. A continuation we list some general results over algebras that we use in this work. For A an algebra, we denoted by Rep(A) the category of finite dimensional left representations over A. Each object in this category will be denoted by M ρ where ρ : A → End k (M ρ ) is the structure as A-representation.
Lemma 2.1. Let A be an algebra and B ⊂ A be a subalgebra. Consider M ρ , N τ irreducible non-equivalent in Rep(B) whose we can extend to Arepresentations, then they are irreducible non-equivalent in Rep(A).
The rest of the proof is straightforward.
In the following, let G be a finite group with |G| −1 ∈ k and V be a finite vector space such that ∧V is a kG-representation algebra. Denoted the bosonization by A = ∧V #kG. The following result completely describe A-representations. We prove it here for the sake of completeness. 
if, and only if, G acts trivially over k.
Lemma 2.4. Consider 0 = M ξ 0 ⊂ M ξ 1 ⊂ · · · ⊂ M ξr a Jordan-Hölder series in Rep(kG), and suppose that ξ s can be extended by zero to ξ s in Rep(A). Then 0 = M ξ 0 ⊂ M ξ 1 ⊂ · · · ⊂ M ξr is a Jordan-Hölder series in Rep(A).
With a similar argument we obtain the other inequality, and [M µ j ⊗µ k : Proof. Consider
we obtain that ϕ is a ring isomorphism, by Lemma 2.5.
Pointed Hopf algebras over dihedral groups
Now, we focus our attention to the description of the Hopf algebras about which we calculate irreducible representations. For m = 2n and D m the mdihedral group already mentioned, we set ω a primitive m-root of 1. The irreducible representations of the group algebra kD m are:
• n − 1 representations of degree 2 or 2-dimensional, for 1 ≤ l < n,
the matrices relative to a basis β = {v 1 , v 2 } for k 2 .
• 4 representations of degree 1 or 1-dimensional, for c, d ∈ {0, 1}
A complete set of irreducible non-equivalent kD m -representations is
For any 1 ≤ l < n, each M ρ l is isomorphic to k 2 as a k-vector space, then β is a basis for M ρ l , where the action depends on l and it is given by Equation (3).
Consider now m = 4t for t ≥ 3. In [1, Thm B], was classified pointed Hopf algebras with group-likes the m-dihedral group in four families, the first two are bosonizations and the others are liftings. In the present work, we analyze the irreducible representations for the first two families and a subfamily of the third (will be introduced in Theorem 3.5). To understand [1, Thm B] , it is necessary a complete description of the irreducible objects in the category of Yetter-Drinfeld representations kDm kDm YD. For i = 1, · · · , n − 1; k = 1, · · · , m − 1, k = n, denoted by Table 2 ]. Also, each one of these exterior algebras is isomorphic to a Nichols algebra [1, Thm A].
Remark 3.2. Since ω is a primitive m-root of 1, then w n = −1. By [1, 2A2.], if 1 ≤ i < n then ω ni = −1, so i is odd. Such remark will be used in the next section and so, it is interesting to keep in mind. A continuation, we prove two technical results involving algebra A i,n (λ) defined in the introduction that will be systematically used and allow us to prove when a module is not irreducible. The key point will be to choose correctly M  's.
with 0 = w r ∈ M r for some r ∈ {1, 2, · · · , s}, r = .
Proof. Let A i,n (λ) = A. Is straightforward that for any  = 1, 2, · · · , s, S −1 (M  ) is not an A-subrepresentation of M . Then xS −1 (M  ) = 0 or yS −1 (M  ) = 0, for  = 1, 2, · · · , s, i.e, they are not simultaneously zero.
In what follows, s ≥ 2 and for any 1 ≤  ≤ s, we write the basis β for
Proof. Let V = S −1 (M 1 ) and A = A i,n (λ). From the above lemma, V is not an A-subrepresentation of M . If we suppose that for any 1 ≤  ≤ r,
For the last part the argument follows similarly as in Lemma 3.3.
Following [1, Thm B], we obtain:
· · · , n − 1 are pointed Hopf algebras with group-likes the m-dihedral group.
For the first two families, using Lemma 2.2, we directly obtain: There are bijective correspondences between
In particular, by Theorem 2.6, the Grothendieck rings G(Rep(kD m )),
#kD m if and only if λ = 0. In this case, we have only two families in Theorem 3.5, whose the irreducible representations are known as we can see above.
In the next section we developed techniques to decide about irreducible representations over the third family of Theorem 3.5, when λ is non-zero.
Third family
Fix i = 1, · · · , n − 1, λ ∈ k non-zero and remember that t = n 2 . In first place we extend by zero the kD m -representations M µ of S to A i,n (λ)representations M µ , following the notation introduced in the last section.
, we have that the only way to extend χ c,d is by zero.
From Remark 3.2, we have ω 2l = −1 if, and only if, l = t. If ω 2li = 1 then l = t. So, in case 2), l = t.
2) Suppose that ω 2li = 1 and ρ l is well defined since
Since λ = 0, we have ω 2li = 1.
We want to know if the kD m -representations can be extended not by zero. For M χ c,d and M ρ l with ω 2li = 1 we already know that it is not possible. However, if l = t (ω 2li = 1), we can not extend by zero, but ρ t can be extended by
and ω l = −ω −l , then l = t.
By Lemma 2.1, M χ c,d and M ρ l are irreducible non-equivalent in Rep(A i,n (λ)) and for z ∈ G λ , M ρz is irreducible, since it is an extension of an irreducible. A continuation we proof that they are pairwise non-equivalent.
Proof. Suppose that there exists ϕ :
Until this, we can extend ρ l for ω 2li = 1 or l = t. A continuation, we prove that we can extend only in this two cases. If ω 2li = 1 and l = t then ρ l can not be extended to a A i,n (λ)representation.
Proof. Let ρ : A i,n (λ) → End k (k 2 ) be an extension of ρ l and denoted by
the matrices relative to the basis β. The relation hx = −xh implies a 11 ω l = −a 11 ω l and a 11 = 0. Also implies a 21 ω −l = −a 21 ω l and a 21 = 0, otherwise ω 2l = −1 and l = t. A similar argument proves a 22 = 0 = a 12 and ρ(x) = 0.
In the same way, the relation hy = −yh implies ρ(y) = 0. But Lemma 4.1 implies then that ω 2li = 1 which is a contradiction. Then we can not extend ρ l .
We can summarize the previous results in the next theorem. 
Proof. Since S is a complete set of irreducible and non-equivalent kD mrepresentations, the first part follows from Lemmas 2.1, 4.1, 4.2 and 4.3.
Suppose that S :
Since ρ is a representation of degree 1, ρ(x) = 0. With the same argument,
a 11 a 12 a 21 a 22 = − a 11 a 12 a 21 a 22 ω l 0 0 ω −l implies a 11 = a 22 = 0.
If ω 2li = 1 then a 12 = 0 = a 21 and ρ(x) = 0. The same argument, prove that ρ(y) = 0. Since the only way to extend ρ l is by zero, we obtain
Finally, since xy = −yx then a 4 21 = −4λ 2 and z = a 21 ∈ G λ . It is clear that M ρ and M z are irreducible A i,n (λ)-representations and they have the same character, then M ρ ≃ M ρz in Rep(A i,n (λ)). 4.1. Degree 1. In this subsection we analyze the cases when fixed M χ ∈ Rep(A i,n (λ)), M χ | kDm ∈ Rep(kD m ) is a sum of copies of 1-dimensional representations. In the rest of this work, as a measure of saving-space, we make an abuse of notation omitting the representation structures.
By Theorem 4.5, if M | kDm is 1-dimensional then M ≃ M χ c,d , for some c, d ∈ {0, 1}. We first work in the cases when M | kDm is two and three copies of 1-dimensional representations, since for four or more copies we always can construct a subrepresentation of degree almost 3.
we obtain that
and applying S
Therefore,
First equality implies u 1 = 0 and xS −1 (z) = S −1 (u 2 ). Let V = S −1 (u 2 ) . It is not trivial since u 2 = 0, dim(V ) = 1 and dim(M ) = 2. Then V is an A i,n (λ)-subrepresentation. Indeed,
We have a contradiction. If we suppose that
The last argument will be used several times, and in all cases we assume just one of the possibilities, since for the other option, we can argue similarly. Proof. Suppose that M is irreducible. We have 3 cases:
(1) All summands are equal. Let
then by Lemma 3.3 (using the same argument as in Theorem 4.6), we can assume that there exist z ∈ M 1 such that
(2) Two summands are equal. Assume that M χ c 1 ,d 1 = M χ c 2 ,d 2 and consider the same decomposition of M as in Equation (5). Then by Lemma 3.3, as before, (−1)
With the same argument of case (2) , we obtain that v
is a non-trivial A i,n (λ)-subrepresentation and M is not irreducible. Now we present the rest of cases. 
Since y = gxg, V is closed under y. Therefore V is a non-trivial A i,n (λ)subrepresentation, which is a contradiction and M is not irreducible.
Degree 1 and 2.
In this subsection we analyze the case M | kDm ∈ Rep(kD m ) is a sum of copies of 1-dimensional and 2-dimensional representations.
, we can assume that there exist z ∈ M χ c ℓ ,d ℓ , for some ℓ ∈ {1, 2, · · · , s} and 0 = w p ∈ M ρ lp , for some p ∈ {1, 2, · · · , r}, such that
Since −xhS −1 (z) = (−1) d ℓ +1 xS −1 (z) and hx = −xh, in p-position we obtain
But w p = w p 1 w p 2 = 0, this contradicts the assumption that ω is a primitive m-root of 1, since l p < n < m. Then M is not irreducible.
Degree 2.
We analyze when M | kDm ∈ Rep(kD m ) is a sum of copies of 2-dimensional representations, that is, M | kDm ≃ r =1 M ρ l , for r ≥ 2 and 1 ≤ l  ≤ n − 1. The following arguments strongly depend of either ω 2li = 1 or l  = t or none of the last. So, we have to analyze different scenarios.
If we use Lemma 3.3, we can not produce a contradiction, since not necessarily hS −1 (z) is an scalar multiple of S −1 (z). For this reason, we use instead Lemma 3.4.
4.3.1
. ω 2l j i = 1 for each 1 ≤ j ≤ r and l k = t for each 1 ≤ k ≤ s. For more than one copy of each case we easily construct a subrepresentation of degree almost 4 using Lemma 3.4. For one copy of each case we also use Lemma 3.4 and the result follows directly from this lemma, we do not need to construct a subrepresentation, as we can see below.
Proof. Suppose M is irreducible.
• If r = s = 1, by Lemma 3.4 (taking M 1 = M ρ l 1 ) we can assume xS −1 (v 1 ) = 0 and there exist u 1 ∈ M ρ l 1 and 0 = u 2 ∈ M ρt such that 0 = xS −1 (v 1 ) = S −1 (u 1 + u 2 ). Then
Since hx = −xh then the last equality implies
Since u 2 = 0, we obtain that u 2 1 = 0 or u 2 2 = 0.
(1) If u 2 1 = 0 then ω l 1 −t = −1 = ω −l 1 +t , by hypothesis ω 2l 1 i = 1 that implies l 1 = t, but this is a contradiction since n is the smaller positive integer number such that ω n = −1. (2) If u 2 2 = 0 then ω l 1 +t = −1 and l 1 + t = nν, with ν odd. By hypothesis l 1 = t, then ν ≥ 3 and l 1 > m, also a contradiction.
Then u 2 1 = 0 = u 2 2 and u 2 needs to be zero, an absurd. • If r, s > 1, by Lemma 3.4 (taking M 1 = M ρ l 1 ) we can assume
with u ℓ = 0 for some ℓ ∈ {2, · · · , r + s}. The defining relations of A i,n (λ), the Equation (3) and the hypothesis ω 2l 1 i = 1 imply that
is a non-trivial A i,n (λ)-subrepresentation of M (1 ≤ dimV ≤ 4 and dimM ≥ 6). Indeed,
Since y = gxg, V is closed under y and it is proved that V is an A i,n (λ)subrepresentation of M , an absurd. Therefore, M is not irreducible. 4.3.2. ω 2l k i = 1 for all 1 ≤ k ≤ r. For r > 2 we easily construct a subrepresentation of degree almost 4 using Lemma 3.4. For r = 2, we analyze the associated matrices, see lemma below.
We
Proof. We consider α ′ = S −1 (α) an ordered basis for M | kDm = M (as vector space) and by hypotheses M ρ l 1 ⊕ M ρ l 2 and M | kDm are equivalent representations, we have
Denoted by [x] α ′ = [a ij ], then hx = −xh implies
• ω l 1 a 11 = −a 11 ω l 1 and a 11 = 0. Analogously, a 22 = a 33 = a 44 = 0.
• ω l 1 a 13 = −a 13 ω l 2 and a 13 = 0, both if l 1 = l 2 (is obvious) and if l 1 = l 2 , since ω l 2 −l 1 = −1 because n is the smaller positive integer such that ω n = −1. Analogously, a 24 = a 31 = a 42 = 0.
• ω l 1 a 12 = −a 12 ω −l 1 and a 12 = 0, since ω 2l 1 = −1, otherwise ω 2l 1 i = −1 (i is odd), but we assume that ω 2l 1 i = 1. Analogously, a 21 = a 34 = a 43 = 0.
Using this with the fact that xy + yx = 0, we obtain (6) a 14 a 41 = 0, a 23 a 32 = 0 and a 14 a 32 + a 23 a 41 = 0.
Consider possible solutions of (6):
(1) Trivial solution. Then [x] α ′ = 0 = [y] α ′ . We suppose
For any v ∈ V , we write
imply that V is a non-trivial A i,n (λ)-subrepresentation. Now we analyze the possible non-trivial solutions. Let V as in Equation (7). Then [x · v] α ′ = 0 = [y · v] α ′ and V is a non-trivial A i,n (λ)-subrepresentation. Arguing as before, W = S −1 (0, v 1 ), S −1 (0, v 2 ) is a non-trivial A i,n (λ)subrepresentation.
(4) Assume a 23 = 0. Then a 32 = 0 = a 41 . A similar argument as in the second case, generates V a non-trivial A i,n (λ)-subrepresentation.
(5) Assume a 32 = 0. Then a 23 = 0 = a 14 e a 41 . A similar argument as in the third case, generates W a non-trivial A i,n (λ)-subrepresentation. Then M is not irreducible.
Proof. For r = 2 follows from Lemma 4.11. Suppose r ≥ 3 and M irreducible. By Lemma 3.4 (taking M 1 = M ρ l 1 ), we can assume 0 = xS −1 (v 1 ) and consider V = xS −1 (v 1 ), yS −1 (v 2 ), xyS −1 (v 1 ), xyS −1 (v 2 ) . Similarly to the proof of the Theorem 4.10, we can prove that V is a non-trivial A i,n (λ)subrepresentation which is a contradiction. Therefore, M is not irreducible. 4.3.3. l k = t for all 1 ≤ k ≤ r. For r ≥ 5 we easily construct a subrepresentation of degree almost 8, following the same reasoning as in Theorems 4.10 and 4.12.
In this case, if we consider M 1 = M ρt as in Lemma 3.4, it is possible to see that
, yS −1 (v 1 ) and xS −1 (v 2 ) to the set V defined in the proof of Theorem 4.10.
Proof. Suppose M is irreducible. By Lemma 3.4 (taking M 1 = M ρ l 1 ) and by direct calculation, following Theorem 4.10
is a non-trivial A i,n (λ)-subrepresentation of M , then M is not irreducible.
Open Question 4.14. For r = 2, since t = n 2 , the equality ω l 1 +l 2 = −1 is possible (see proof of Lemma 4.11), and using Lemma 3.4, we can not achieve a contradiction. A similar reasoning over r = 3, 4. So, we have an open question: under the hypotheses of Theorem 4.13, for r = 2, 3, 4, are there A i,n (λ)-irreducible representations ? 4.3.4 . ω 2l k i = 1 or l k = t for 1 ≤ k ≤ s and none of the previous.
Proof. Suppose that M is irreducible, by Lemma 3.4 (with M 1 = ⊕ r j=1 M ρ l j ), we can assume there exist 1 ≤ p ≤ r such that
where w s 0 = 0, 1 ≤ s 0 ≤ s. Note that
We can assume that l s 0 > l p and denote [w s 0 ] β = w s 0 1 w s 0 2 . In position s 0 , we obtain −ω lp w s 0 1 w s 0 2 = ω ls 0 w s 0 1 ω −ls 0 w s 0 2 .
Therefore (ω ls 0 −lp + 1)w s 0 1 = 0. Since n is the smaller positive integer such that ω n = −1 then ω ls 0 −lp + 1 = 0 and w s 0 1 = 0. Since w s 0 = 0 we get that w s 0 2 = 0 and −ω lp = ω −ls 0 . Then ω 2lp = ω −2ls 0 and ω 2lpi = ω −2ls 0 i . By hypotheses, l s 0 = t or ω 2ls 0 i = 1. If l s 0 = t then ω 2lp = ω −2ls 0 = −1 that implies l p = t, which is an absurd since t = l p ≤ r. If ω 2ls 0 i = 1 then ω 2lpi = ω −2ls 0 i = 1, but ω 2lpi = 1; obtaining another contradiction. Therefore, M is not irreducible. 4.3.5 . ω 2l j i = 1 and l j = t for 1 ≤ j ≤ r. For r ≥ 5 we can easily construct a subrepresentation of degree almost 8. When r = 2, we analyze two possibilities: l 1 + l 2 = n, in this case we found two irreducible representations and l 1 + l 2 = n, in this case as in the case where r = 3, there is no A i,n (λ)representation. Here, we also have an open question for r = 4, no conclusive results were obtained.
, ω 2l j i = 1 and l j = t, for any j ∈ {1, · · · , r}, then M is not irreducible in Rep(A i,n (λ)).
Proof. Suppose M is irreducible. By Lemma 3.4 (taking M 1 = M ρ l 1 ) and by direct calculation
is a non-trivial A i,n (λ)-subrepresentation of M . Then M is not irreducible. Now we analyze the case r = 2 and l 1 + l 2 = n.
Proof. Suppose that there exists such representation. From proof of Lemma 4.11,
We note that a 12 = a 21 = a 34 = a 43 = 0 since (ω 2l 1 + 1)a 12 = 0 and if ω 2l 1 = −1 then l 1 = t, an absurd and a 12 = 0. The same reasoning shows that a 21 = a 34 = a 43 = 0. The proof that a 13 = a 31 = a 24 = a 42 = 0 and a ℓℓ = 0 is the same that we did in that lemma.
Using the hypothesis l 1 + l 2 = n, we obtain a 14 = a 41 = a 23 = a 32 = 0. Indeed, (ω l 1 +l 2 + 1)a 14 = 0 and if ω l 1 +l 2 = −1 then l 1 + l 2 = n, a contradiction. Analogously, a 41 = a 23 = a 32 = 0. Therefore [x] α ′ = 0.
The relation
and since ω 2l j i = 1, for j ∈ {1, 2} and [x] 2 α ′ = 0 which is an absurd. Therefore, there is no A i,n (λ)-representation under the given hypotheses.
Proof. Suppose that M is not irreducible. Let N be a non-trivial A i,n (λ)subrepresentation of M . Then N | kDm ≃ M ρ l 1 or N | kDm ≃ M ρ l 2 which contradict Lemma 4.4. Then M is irreducible. Now we construct these irreducible representations. Consider α, cited in 4.3.2, the basis for M ρ l 1 ⊕ M ρ l 2 and define F l 2 , F ′ l 2 :
Proposition 4.19. For 1 ≤ l 1 , l 2 ≤ n − 1, with l 1 + l 2 = n, l j = t and ω 2l j i = 1, j ∈ {1, 2}, we obtain that
Proof. We are going to check that M F l 2 and M F ′ l 2 are A i,n (λ)-representations. Indeed,
where in ( * ) we used that l 1 + l 2 = n. Analogously
Similarly,
Then M F l 2 is an A i,n (λ)-representation and analogously M F ′ l 2 is also. By Proposition 4.18, M F l 2 and M F ′ l 2 are irreducible. We can assume that 1 ≤ l 1 ≤ l 2 < n, then 0 ≤ l 2 − l 1 < n. Suppose that their characters are equal, that is,
Therefore (−ω l 2 i + ω −l 2 i )(ω l 1 + ω l 2 ) = 0. If −ω l 2 i + ω −l 2 i = 0 then ω 2l 2 i = 1.
If ω l 1 + ω l 2 = 0 then ω l 2 −l 1 = −1. In both cases we obtain a contradiction, then M F l 2 and M F ′ l 2 are non-equivalent see [4, Thm (7.20) ].
A continuation we proof that the only way to extend is that. We use the matrix representation.
Proof. Following the reasoning of Lemma 4.11,
The defining relation x 2 = λ(1 − h 2i ) implies a 14 a 41 = λ(1 − ω −2l 2 i ) = 0 and a 23 a 32 = λ(1 − ω 2l 2 i ) = 0, then
From relation y = gxg, we have
The relation xy+yx = 0 implies a 14
14 ω 2l 2 i , and this implies that a 23 = a 14 ω l 2 i or a 23 = −a 14 ω l 2 i . Therefore, Set T : A i,n (λ) → End k (M ) the representation given in the statement of the theorem and denote by T + and T − the A i,n (λ)-representations given by (8) and (9), respectively. Now, we calculated each character and compare them to decide which representations are equivalent. It is sufficient to calculate the characters in the basis of A i,n (λ).
If c ∈ {x, y, xy, gx, h d x, gy, h d y, gh d x, gh d y, gxy, gh d xy}, d ∈ {1, · · · , m − 1}, then µ F l 2 (c) = 0 = µ F ′ l 2 (c) = µ T ± (c), µ F l 2 (1) = 4 = µ F ′ l 2
(1) = µ T ± (1) and and T + ≃ M F l 2 in Rep(A i,n (λ)).
Finally, we analyze r = 3 considering the matrix representation.
Theorem 4.21. There is no M ∈ Rep(A i,n (λ)) such that M | kDm S ≃ M ρ l 1 ⊕ M ρ l 2 ⊕ M ρ l 3 with ω 2l j i = 1 and l j = t, j ∈ {1, 2, 3}.
Proof. Suppose that there exists such representation. We write the matrix [x] γ = [a ij ], where γ = {S −1 (v1, 0, 0), S −1 (v2, 0, 0), S −1 (0, v1, 0), S −1 (0, v2, 0), S −1 (0, 0, v1), S −1 (0, 0, v2)} is an ordered basis for M ρ l 1 ⊕ M ρ l 2 ⊕ M ρ l 3 .
We have [h] γ [x] γ ( * ) = −[x] γ [h] γ and the hypotheses that M | kDm and M ρ l 1 ⊕ M ρ l 2 ⊕ M ρ l 3 are equivalent imply a ℓℓ = 0, ℓ = 1, · · · , 6. Since l j = t, we have a 21 = a 12 = a 34 = a 43 = a 65 = a 56 = 0. According to l i + l j = n or l i + l j = n we have the following cases:
(1) l 1 + l 2 = l 1 + l 3 = l 2 + l 3 = n imply l 2 = l 3 = t, an absurd.
(2) l 1 + l 2 = n, l 1 + l 3 = n, l 2 + l 3 = n and from equality ( * ), we get ω l 1 a 14 = −a 14 ω −l 2 , then a 14 = 0. In an analogous way we can prove that [x] γ = 0. But
which contradicts that [x] γ is zero. (3) l 1 + l 2 = n, l 1 + l 3 = n and l 2 + l 3 = n or l 1 + l 2 = n, l 1 + l 3 = n and l 2 + l 3 = n or l 1 + l 2 = n, l 1 + l 3 = n and l 2 + l 3 = n, from ( * ), we (4) l 1 + l 2 = n, l 1 + l 3 = n and l 2 + l 3 = n or l 1 + l 2 = n, l 1 + l 3 = n and l 2 + l 3 = n or l 1 + l 2 = n, l 1 + l 3 = n and l 2 + l 3 = n, from ( * ) again, we have
Using (△), a 32 a 23 = λ(1 − ω 2l 2 i ) = 0, a 41 a 14 = λ(1 − ω −2l 2 i ) = 0, a 52 a 25 = λ(1 − ω 2l 3 i ) = 0 and a 61 a 16 = λ(1 − ω 2l 3 i ) = 0. Therefore a 32 , a 23 , a 41 , a 14 , a 52 , a 25 , a 61 , a 16 = 0.
But, if we multiply the sixth row by the fourth column of [x] γ we obtain a 61 a 14 = 0, an absurd. In all cases we obtain a contradiction, then there is not exist such M . 
